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Within the framework of the fermion-spin theory, the charge transport in the doped Mott insula-
tors on a honeycomb lattice is studied by taking into account the pseudogap effect. It is shown that
the conductivity spectrum in the low-doped regime is separated by the pseudogap into a low-energy
non-Drude peak followed by a broad midinfrared band. However, the decrease of the pseudogap
with the increase of doping leads to a shift of the position of the midinfrared band towards to the
low-energy non-Drude peak, and then the low-energy Drude behavior recovers in the high-doped
regime. The combined results of both the doped honeycomb-lattice and square-lattice Mott insula-
tors indicate that the two-component conductivity induced by the pseudogap is a universal feature
in the doped Mott insulators.
PACS numbers: 74.72.Kf, 74.25.Gz, 74.25.F-
I. INTRODUCTION
In a Mott insulator, the spin configuration arrange-
ment attempts to minimize the energy by aligning the
spins on the lattice sites. However, in some cases, the
spin configuration arrangement makes it impossible to
minimize the energy on all spins on the lattice sties at
the same time - a situation known as the geometrical spin
frustration. The parent compounds of cuprate supercon-
ductors are a Mott insulator on a square lattice1, where
there is no geometrical spin frustration. Superconduc-
tivity is then realized when charge carriers are doped
into this parent Mott insulator, where the phase dia-
gram is characterized by two salient phenomena, the high
temperature superconductivity and the occurrence of the
pseudogap2. In particular, the pseudogap is particularly
obvious in the underdoped regime, where the doping con-
centration is too low for the optimal superconductivity.
A number of experimental probes3,4 show that below a
characteristic temperature T ∗, which can be well above
the superconducting (SC) transition temperature Tc in
the underdoped regime, the physical response of cuprate
superconductors can be interpreted in terms of the for-
mation of a pseudogap by which it means a suppression
of the spectral weight of the low-energy excitation spec-
trum. In this case, an important issue is whether the
pseudogap phenomenon occurred in the doped square-
lattice Mott insulators is universal or not. By univer-
sality we refer to the pseudogap phenomenon that does
not depend on the details of the geometrical spin frustra-
tion. The doped Mott insulators on a honeycomb lattice
in many ways provide an ideal arena in which to explore
this question. This follows a fact that the honeycomb
lattice is a loosely coupled lattice with only three nearest-
neighbor (NN) sites, where the strongly geometrical spin
frustration and quantum fluctuation exist5–11, and there-
fore allowing a test of the effect of the geometrical spin
frustration on the pseudogap state. Although there are
only a few examples of materials where the spins are lo-
cated on a honeycomb lattice, many fascinating phenom-
ena have been reported in experiments5–11, such as the
quantum spin-liquid state and superconductivity. On the
other hand, the Mott insulators on a honeycomb lattice
are also of interests in their own right, with many unan-
swered questions12–16.
In the doped square-lattice Mott insulator, the phys-
ical quantity which most evidently displays the signa-
ture for the pseudogap is the charge transport, which
is manifested by the optical conductivity and resistivity,
where the characteristic features are that the conductiv-
ity is divided into two-components by the pseudogap with
a non-Drude-like narrow band centered around energy
ω ∼ 0 followed by a broadband centered in the midin-
frared region, while the resistivity grows nearly linearly
with temperature3,4. In particular, this two-component
conductivity extends to the pseudogap boundary in the
phase diagram at T ∗. However, this anomalous structure
of the conductivity spectrum in the pseudogap state can
not be described by the standard Landau Fermi-liquid
theory. In our earlier studies17, the charge transport in
the doped square-lattice Mott insulators has been dis-
cussed by considering the pseudogap effect, and then
all main features of the optical measurements on the
doped square-lattice Mott insulators are qualitatively
reproduced3. In this paper, we try to study the charge
transport in the doped honeycomb-lattice Mott insula-
tors along with this line. We show that the qualitative
behavior of the conductivity in the doped honeycomb-
lattice Mott insulators is similar with that obtained in the
doped square-lattice Mott insulators. In particular, we
show that the transfer of the part of the low-energy spec-
tral weight in the conductivity in the low-doped regime
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2to the higher energy region to form the midinfrared band
can be also attributed to the effect of the pseudogap
on the infrared response in the doped honeycomb-lattice
Mott insulators.
The paper is organized as follows. The basic formalism
is presented in Sec. II, where we generalize the theory of
the charge transport from the previous case in the doped
square-lattice Mott insulators to the present case in the
doped honeycomb-lattice Mott insulators, and then eval-
uate explicitly the conductivity. Within this theoretical
framework, the quantitative characteristics of the con-
ductivity in the doped honeycomb-lattice Mott insulators
are discussed in Sec. III. Finally, we give a summary in
Sec. IV.
II. FORMALISM
y 
x 
FIG. 1: The honeycomb lattice with the primitive lattice vec-
tors τ1 and τ2. Each unit cell contains two sites (indicates by
open and solid circles) belonging to the sublattices A and B,
respectively.
The t-J model, or equivalently the large U Hubbard
model, are prototypes to study the strong correlation ef-
fects in solids, especially in connection with the doped
Mott insulators18,19. On the other hand, the honeycomb
lattice as shown in Fig. 1 is formed by the primitive
lattice vectors12,
τ1 = [3/2,
√
3/2], τ2 = [3/2,−
√
3/2], (1)
where the lattice constant has been set as a = 1. Since
each unit cell contains two sites, belonging to different
sublattices A and B, the corresponding reciprocal lattice
vectors in momentum-space are given by,
k1 = [1/3, 1/
√
3]2pi, k2 = [1/3,−1/
√
3]2pi. (2)
In this case, the t-J model on a honeycomb lattice can
be expressed as,
H = −t
∑
lηˆσ
(C†AlσCBl+ηˆσ + C
†
BlσCAl+ηˆσ) + µ
∑
υlσ
C†υlσCυlσ
+ J
∑
lηˆ
(SAl · SBl+ηˆ + SBl · SAl+ηˆ), (3)
supplemented by a local constraint
∑
σ C
†
υlσCυlσ ≤ 1 to
remove double electron occupancy, where the summation
is over all sites l, and for each l, over its NN sites ηˆ, υ =
A,B is the sublattice index, C†υlσ (Cυlσ) is the electron
creation (annihilation) operator, Sυl = (S
x
υl, S
y
υl, S
z
υl) are
spin operators, t is the NN hopping integral, J is the NN
spin-spin antiferromagnetic (AF) exchange coupling con-
stant, and µ is the chemical potential. It has been shown
that the local constraint of no double electron occupancy
in the t-J model (3) can be treated properly within the
fermion-spin theory20,21, where the constrained electron
operators Cυl↑ and Cυl↓ are decoupled as,
Cυl↑ = h
†
υl↑S
−
υl, Cυl↓ = h
†
υl↓S
+
υl, (4)
respectively, with the fermion operator hυlσ = e
−iΦlσhυl
that keeps track of the charge degree of freedom together
with some effects of spin configuration rearrangements
due to the presence of the doped charge carrier itself,
while the spin operator Sυl represents the spin degree of
freedom, and then the local constraint of no double elec-
tron occupancy is always satisfied in actual calculations.
In this fermion-spin representation (4), the original t-J
model (3) can be rewritten as,
H = t
∑
lηˆ
(h†Bl+ηˆ↑hAl↑S
+
AlS
−
Bl+ηˆ + h
†
Bl+ηˆ↓hAl↓S
−
AlS
+
Bl+ηˆ
+ h†Al+ηˆ↑hBl↑S
+
BlS
−
Al+ηˆ + h
†
Al+ηˆ↓hBl↓S
−
BlS
+
Al+ηˆ)
− µ
∑
υlσ
h†υlσhυlσ + Jeff
∑
lηˆ
(SAl · SBl+ηˆ + SBl · SAl+ηˆ), (5)
with Jeff = (1 − δ)2J , and δ = 〈h†υlσhυlσ〉 = 〈h†υlhυl〉 is
the doping concentration.
Within the framework of the fermion-spin theory (4),
the charge transport in the doped square-lattice Mott in-
sulators has been discussed17, and the result shows that
the striking behavior of the low-energy non-Drude peak
and unusual midinfrared band is closely related to the
emergence of the pseudogap. In the following discus-
sions, we generalize these analytical calculations from
the case in the doped square-lattice Mott insulators17 to
the case in the doped honeycomb-lattice Mott insulators,
and then evaluate explicitly the conductivity. However,
as we have mentioned above, there are two sublattices
A and B in the unit cell, and in this case, the charge-
carrier and spin Green’s functions are two-dimensional
matrices. Following our previous discussions for the case
in the doped square-lattice Mott insulators17, the cor-
responding intra-sublattice and inter-sublattice parts of
the full charge-carrier Green’s functions can be evaluated
explicitly as (see the Appendix A),
gintra(k, ω) =
1
2
∑
ν=1,2
1
ω − ξ(ν)k − Σ(h)(ν)(k, ω)
, (6a)
ginter(k, ω) =
1
2
eiθk
∑
ν=1,2
(−1)ν 1
ω − ξ(ν)k − Σ(h)(ν)(k, ω)
. (6b)
where ν = 1, 2, and the mean-field (MF) charge-carrier
excitation spectrum ξ
(ν)
k = (−1)νZtχ|γk| − µ, the spin
correlation function χ = 〈S+AlS−Bl+ηˆ〉 = 〈S+BlS−Al+ηˆ〉, Z =
3 is the number of the NN sites on a honeycomb lattice,
γk = (1/Z)
∑
ηˆ e
−ik·ηˆ = eiθk |γk|, while the charge-carrier
3self-energies are obtained as,
Σ
(h)
(1)(k, ω) = Σ
(h)
intra(k, ω) + e
−iθkΣ(h)inter(k, ω), (7a)
Σ
(h)
(2)(k, ω) = Σ
(h)
intra(k, ω)− e−iθkΣ(h)inter(k, ω), (7b)
with the corresponding intra-sublattice and inter-
sublattice parts of the self-energy, Σ
(h)
intra(k, ω) and
Σ
(h)
inter(k, ω), repectively, that are evaluated explicitly
in the Appendix A. In a doped Mott insulator, the
strong correlation effect and the related charge-carrier
quasiparticle coherence are closely related to the charge-
carrier self-energy Σ
(h)
(ν)(k, ω), and then the behavior of
the charge-carrier quasiparticle is most fully described in
terms of the charge-carrier Green’s function (6).
Now we turn to calculate the conductivity of the doped
honeycomb-lattice Mott insulators in terms of the full
charge-carrier Green’s functions (6). The conductivity in
the system is expressed as22,
σ(ω) = − ImΠ(ω)
ω
, (8)
with the electron current-current correlation function,
Π(τ − τ ′) = −〈Tτ j(τ) · j(τ ′)〉, (9)
where j is the electron current operator. The external
magnetic field can be coupled to the electrons, which are
now represented by Cυl↑ = h
†
υl↑S
−
υl and Cυl↓ = h
†
υl↓S
+
υl
in the fermion-spin representation (4). For the calcu-
lation of the electron current density, we need to ob-
tain the electron polarization operator, which is a sum-
mation over all the particles and their positions, and
can be evaluated in the fermion-spin representation as
P = −e∑
υlσ
RlC
†
υlσCυlσ = e
∑
υl
Rlh
†
υlhυl. The electron
current operator on the other hand is obtained by eval-
uating the time-derivative of the polarization operator
j = ∂P/∂t = (i/~)[H,P] as22,
j =
iet
~
∑
lηˆ
ηˆ(hAl↑h
†
Bl+ηˆ↑S
+
AlS
−
Bl+ηˆ + hAl↓h
†
Bl+ηˆ↓S
−
AlS
+
Bl+ηˆ − hBl↑h†Al+ηˆ↑S+BlS−Al+ηˆ − hBl↓h†Al+ηˆ↓S−BlS+Al+ηˆ). (10)
In the fermion-spin approach, this electron current operator (10) can be decoupled as,
j =
ieχt
~
∑
lηˆσ
ηˆ(h†Al+ηˆσhBlσ − h†Bl+ηˆσhAlσ) +
ieφt
~
∑
lηˆ
ηˆ(S+AlS
−
Bl+ηˆ + S
−
AlS
+
Bl+ηˆ − S+BlS−Al+ηˆ − S−BlS+Al+ηˆ), (11)
where φ = 〈h†BlσhAlσ〉 = 〈h†AlσhBlσ〉 is the charge-carrier’s particle-hole parameter. The second term in the right-hand
side of Eq. (11) refers to the contribution to the electron current density from the electron spin, however, it has been
shown explicitly17 that
∑
lηˆ
ηˆ(S+AlS
−
Bl+ηˆ +S
−
AlS
+
Bl+ηˆ −S+BlS−Al+ηˆ −S−BlS+Al+ηˆ) ≡ 0, i.e., there is no direct contribution to
the electron current density from the electron spin, and then the majority contribution to the electron current-current
correlation comes from the charge carriers (then the electron charge). However, the strong interplay between the
charge carriers and spins has been considered through the spin’s order parameters entering in the charge-carrier part
of the contribution to the current-current correlation. In this case, the electron current-current correlation function
can be evaluated in terms of the full charge carrier Green’s function (6) as,
Π(ipm) = 2(Ze)
2 1
N
∑
k
[γintra(k)Π
(g)
intra(k, ipm) + γinter(k)Π
(g)
inter(k, ipm)], (12)
where the intra-sublattice and inter-sublattice current vertices are given by,
γintra(k) =
4
9
(χt)2[sin2(
√
3ky/2)− cos(
√
3ky/2) cos(3kx/2) + 1], (13a)
γinter(k) = −2
9
(χt)2[2 cos(2
√
3ky)− 2 cos(
√
3ky) + 4 cos(3kx) cos(
√
3ky) + 4 cos(3kx/2) cos(
√
3ky/2) cos(
√
3ky)
− 6 cos(3kx/2) cos(
√
3ky/2) + cos(3kx)− 7]/[2 cos(
√
3ky) + 4 cos(
√
3ky/2) cos(3kx/2) + 3], (13b)
and the intra-sublattice charge-carrier bubble Πintra(k, ω) is obtained from the corresponding intra-sublattice part of
the charge-carrier Green’s function (6a) as,
Π
(g)
intra(k, ipm) =
1
β
∑
iωn
gintra(k, iωn + ipm)gintra(k, iωn), (14)
and is closely related to the quasiparticle scattering within the same sublattice, while the inter-sublattice charge-carrier
bubble Πinter(k, ω) is obtained from the corresponding inter-sublattice part of the charge-carrier Green’s function (6b)
4as,
Π
(g)
inter(k, ipm) = e
−2iθk 1
β
∑
iωn
ginter(k, iωn + ipm)ginter(k, iωn), (15)
and therefore is directly associated with the quasiparticle scattering between the sublattices A and B. Substituting the
electron current-current correlation function (12) and the intra-sublattice and inter-sublattice charge-carrier bubbles
(14) and (15) into Eq. (8), we thus obtain the conductivity as σ(ω) = σintra(ω) + σinter(ω), where the intra-sublattice
conductivity σintra(ω) and inter-sublattice conductivity σinter(ω) can be evaluated explicitly as,
σintra(ω) =
(Ze)2
N
∑
k
∫ ∞
−∞
dω′
2pi
γintra(k)A
(h)
intra(k, ω
′ + ω)A(h)intra(k, ω
′)
nF(ω
′ + ω)− nF(ω′)
ω
, (16a)
σinter(ω) =
(Ze)2
N
∑
k
e−2iθk
∫ ∞
−∞
dω′
2pi
γinter(k)A
(h)
inter(k, ω
′ + ω)A(h)inter(k, ω
′)
nF(ω
′ + ω)− nF(ω′)
ω
, (16b)
respectively, where the intra-sublattice and inter-sublattice components of the charge-carrier spectral functions are
given by A
(h)
intra(k, ω) = −2Imgintra(k, ω) and A(h)inter(k, ω) = −2Imginter(k, ω), respectively, while nF(ω) is the fermion
distribution function.
III. QUANTITATIVE CHARACTERISTICS
In Fig. 2, we plot the conductivity σ(ω) as a function
of energy at doping levels (a) δ = 0.09 and (b) δ = 0.15
for parameter t/J = 2.5 with temperature T = 0.002J ,
where the charge e has been set as the unit. It is remark-
able that as the case of the doped square-lattice Mott
insulators17, σ(ω) at the low-doped regime is separated
into two bands, with the higher energy band, correspond-
ing to the unusual midinfrared band, that shows a broad
peak around ω ∼ 0.6t for δ = 0.09, while the low-energy
band forms a sharp peak at ω ∼ 0, and deviates strongly
from the Drude behavior. To show this deviation from
the Drude behavior clearly, we have fitted our present
result of σ(ω) for the doping concentration δ = 0.09, and
the fitted result is also shown in Fig. 2a (dashed line).
Obviously, the fitted result of the lower-energy peak de-
cays as → 1/ω. This 1/ω decay of the conductivity at
low energies is closely related with the linear tempera-
ture resistivity, since it reflects an anomalous frequency
dependent scattering rate proportional to ω instead of
ω2 as would be expected in the standard Landau Fermi-
liquid. Furthermore, as seen from Fig. 2b, although the
weight of the midinfrared band increases with the in-
crease of doping, the midinfrared band moves towards to
the low-energy non-Drude band. In particular, we find
that the low-energy non-Drude peak incorporates with
the midinfrared band in the high-doped regime, and then
the low-energy Drude type behavior of the conductivity
recovers. All these results are qualitatively similar to
the case in the doped square-lattice Mott insulators17,
reflecting that the two-component conductivity is a uni-
versal feature for the doped Mott insulators.
In Eq. (16), there are two parts of the quasipar-
ticle contribution to the redistribution of the spectral
weight in the conductivity σ(ω): the contribution from
σintra(ω) comes from the spectral function obtained in
terms of the intra-sublattice part of the charge-carrier
Green’s function (6a), and therefore is closely associated
with the quasiparticle scattering within the same sub-
lattice, while the additional contribution from σinter(ω)
originates from the spectral function obtained in terms
of the inter-sublattice part of the charge-carrier Green’s
function (6b), and is closely related to the quasiparti-
cle scattering between the sublattices A and B. Within
the framework of the fermion-spin theory, the essential
physics of the charge transport in the doped honeycomb-
lattice Mott insulators is the same as that in the doped
square-lattice case17, and can be attributed to the emer-
gence of the pseudogap. This follows a fact that there is
an intrinsic link between the self-energy and pseudogap.
The charge-carrier self-energy Σ
(h)
(ν)(k, ω) in Eq. (7) also
can be rewritten as21,23,
Σ
(h)
(ν)(k, ω) ≈
[∆¯
(ν)
pg (k)]2
ω + ε
(ν)
k
, (17)
where ε
(ν)
k is the energy spectrum of Σ
(h)
(ν)(k, ω), while
∆¯
(ν)
pg (k) is the pseudogap, and is therefore identified as
being a region of the self-energy effect in which the
pseudogap suppresses the spectral weight. This pseu-
dogap ∆¯
(ν)
pg (k) and the corresponding energy spectrum
ε
(ν)
k can be obtained explicitly in terms of the self-energy
Σ
(h)
(ν)(k, ω) in Eq. (7) as ∆¯
(ν)
pg (k) = L
(ν)
2 (k)/
√
L
(ν)
1 (k) and
ε
(ν)
k = L
(ν)
2 (k)/L
(ν)
1 (k), respectively, with the functions
L
(ν)
1 (k) = −Σ(h)(ν)o(k, ω = 0) and L(ν)2 (k) = Σ(h)(ν)e(k, ω =
0). In this case, the pseudogap parameter is obtained as
∆¯
(ν)
pg = (1/N)
∑
k ∆¯
(ν)
pg (k). In Fig. 3, we plot the pseudo-
gap parameters ∆¯
(1)
pg (solid line) and ∆¯
(2)
pg (dashed line) as
a function of doping for t/J = 2.5 with T = 0.002J . It is
shown clearly that although both ∆¯
(1)
pg and ∆¯
(2)
pg decrease
monotonously with the increase of doping, the decrease
of the magnitude with increasing doping is faster in ∆¯
(1)
pg
than in ∆¯
(2)
pg . In particular, ∆¯
(1)
pg ≈ ∆¯(2)pg near the half-
filling. Since both the pseudogaps ∆¯
(1)
pg and ∆¯
(2)
pg appear
in the intra-sublattice and inter-sublattice Green’s func-
tions in Eq. (6), they together induce the transfer of the
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FIG. 2: The conductivity as a function of energy at (a) δ = 0.09 and (b) δ = 0.15 with T = 0.002J for t/J = 2.5. The dashed
line at (a) is obtained from a numerical fit σ(ω) = A/(ω +B), with A ∼ 0.058 and B ∼ −0.017.
part of the low-energy spectral weight in the conductiv-
ity in the low-doped regime to the higher energy region
to form the midinfrared band. Moreover, the onset of
the region to which the spectral weight is transferred is
close to the sum of the pseudogaps ∆¯pg ∼ ∆¯(1)pg + ∆¯(2)pg ,
and then the decrease of the pseudogaps with increasing
doping therefore leads to a shift of the position of the
midinfrared band towards to the low-energy non-Drude
peak.
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FIG. 3: The pseudogap parameters (∆¯
(1)
pg ) (solid line) and
(∆¯
(2)
pg ) (dashed line) as a function of doping with T = 0.002J
for t/J = 2.5.
IV. CONCLUSIONS
Within the framework of the fermion-spin theory, we
have studied the charge transport of the doped Mott in-
sulators on a honeycomb lattice by taking into account
the pseudogap effect. Our result shows that the conduc-
tivity spectrum in the low-doped regime is separated into
a non-Drude peak centered around energy ω ∼ 0 followed
by a broad midinfrared band. However, the decrease of
the pseudogaps with increasing doping leads to a shift of
the position of the midinfrared band towards to the low-
energy non-Drude peak, and then the low-energy Drude
type behavior of the conductivity recovers in the high-
doped regime. Incorporating the present result with that
obtained in the doped square-lattice Mott insulators17,
it is thus shown that the two-component conductivity
induced by the pseudogap is a universal feature in the
doped Mott insulators.
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Appendix A: Charge-carrier and spin Green’s
functions in the t-J model on a honeycomb lattice
We first define the charge-carrier and spin Green’s
functions as,
g(k, ω) =
(
gintra(k, ω) ginter(k, ω)
g∗inter(k, ω) gintra(k, ω)
)
, (A1a)
D(k, ω) =
(
Dintra(k, ω) Dinter(k, ω)
D∗inter(k, ω) Dintra(k, ω)
)
, (A1b)
D(z)(k, ω) =
(
D(z)intra(k, ω) D(z)inter(k, ω)
D∗(z)inter(k, ω) D(z)intra(k, ω)
)
. (A1c)
Since the spin system in the t-J model (5) is anisotropic
away from half-filling, therefore two spin Green’s func-
tions D(k, ω) and Dz(k, ω) have been defined to describe
properly spin propagations21. In the MF approxima-
tion, the t-J model (5) can be decoupled explicitly as
HMFA = Ht +HJ − 2NZtφχ, with
6Ht = χt
∑
lηˆσ
(h†Bl+ηˆσhAlσ + h
†
Al+ηˆσhBlσ)− µ
∑
υlσ
h†υlσhυlσ, (A2a)
HJ =
1
2
Jeff
∑
lηˆ
[(S+AlS
−
Bl+ηˆ + S
−
AlS
+
Bl+ηˆ + S
+
BlS
−
Al+ηˆ + S
−
BlS
+
Al+ηˆ) + 2(S
z
AlS
z
Bl+ηˆ + S
z
BlS
z
Al+ηˆ)], (A2b)
where  = 1 + 2tφ/Jeff . Based on the equation of motion method, it is easy to find the intra-sublattice and inter-
sublattice parts of the MF charge-carrier Green’s function,
g
(0)
intra(k, ω) =
1
2
∑
ν=1,2
1
ω − ξ(ν)k
, (A3a)
g
(0)
inter(k, ω) =
1
2
eiθk
∑
ν=1,2
(−1)ν 1
ω − ξ(ν)k
, (A3b)
and the intra-sublattice and inter-sublattice parts of the MF spin Green’s functions,
D
(0)
intra(k, ω) =
∑
ν=1,2
B
(ν)
k
2ω
(ν)
k
(
1
ω − ω(ν)k
− 1
ω + ω
(ν)
k
)
, (A4a)
D
(0)
inter(k, ω) = e
iθk
∑
ν=1,2
(−1)ν B
(ν)
k
2ω
(ν)
k
(
1
ω − ω(ν)k
− 1
ω + ω
(ν)
k
)
, (A4b)
D
(0)
(z)intra(k, ω) =
∑
ν=1,2
B
(ν)
zk
2ω
(ν)
zk
(
1
ω − ω(ν)zk
− 1
ω + ω
(ν)
zk
)
, (A4c)
D
(0)
(z)inter(k, ω) = e
iθk
∑
ν=1,2
B
(ν)
zk
2ω
(ν)
zk
(
1
ω − ω(ν)zk
− 1
ω + ω
(ν)
zk
)
, (A4d)
with B
(ν)
k = λ[(−1)νA1|γk| − A2], B(ν)zk = −λχ[1 − (−1)ν |γk|]/2, λ = 2ZJeff , A1 = χz + χ/2, A2 = χz + χ/2, the
spin correlation function χz = 〈SzAlSzBl+ηˆ〉, and the MF spin excitation spectra,
(ω
(ν)
k )
2 = λ2[αA1(|γ|2k −
1
Z
) +
1
2
2A3 +A4]− (−1)νλ2[αA2(1− 1
Z
) +
A3
2
+A4]|γk|, (A5a)
(ω
(ν)
zk )
2 = λ2[αχ(|γ|2k −
1
Z
) + A3]− (−1)νλ2[αχ(1− 1
Z
) + A3]|γk|, (A5b)
where A3 = αC + (1 − α)/(2Z), A4 = αCz + (1 − α)/(4Z), and the spin correlation functions C =
(1/Z2)
∑
ηˆηˆ′〈S+Al+ηˆS−Al+ηˆ′〉, Cz = (1/Z2)
∑
ηˆηˆ′〈SzAl+ηˆSzAl+ηˆ′〉. In order to satisfy the sum rule of the correlation
function 〈S+υlS−υl〉 = 1/2 in the case without an AF long-range order, the important decoupling parameter α has been
introduced in the above calculation17,21, which can be regarded as the vertex correction.
As in the case of the doped square-lattice Mott insulators17, the self-consistent equation that is satisfied by the full
charge-carrier Green’s function is obtained as22,
g(k, ω) = g(0)(k, ω) + g(0)(k, ω)Σ(h)(k, ω)g(k, ω), (A6)
where the intra-sublattice and inter-sublattice parts of the self-energy Σ(h)(k, ω) is obtained from the spin bubble as,
Σ
(h)
intra(k, iωn) =
1
N2
∑
pq
|Λp+q+k|2 1
β
∑
ipm
gintra(k+ p, iωn + ipm)Πintra(p,q, ipm), (A7a)
Σ
(h)
inter(k, iωn) =
1
N2
∑
pq
Λ2p+q+k
1
β
∑
ipm,iqn
g∗inter(k+ p, iωn + ipm)Π
∗
inter(p,q, ipm), (A7b)
with Λk = Ztγk, and the corresponding intra-sublatticel and inter-sublattice parts of the spin bubble,
Πintra(p,q, ipm) =
1
β
∑
iqm
D
(0)
intra(q, iqm)D
(0)
intra(p+ q, ipm + iqm), (A8a)
Πinter(p,q, ipm) =
1
β
∑
iqm
D
(0)
inter(q, iqm)D
(0)
inter(p+ q, ipm + iqm). (A8b)
Since the self-energy Σ(h)(k, ω) is not an even func-
tion of ω, we follow common practice to separate
Σ(h)(k, ω) into the symmetric and antisymmetric parts,
7i.e., Σ(h)(k, ω) = Σ
(h)
e (k, ω) + ωΣ
(h)
o (k, ω), and then
both Σ
(h)
e (k, ω) and Σ
(h)
o (k, ω) are an even function
of ω. Moreover, Σ
(h)
o (k, ω) is directly associated with
the charge-carrier quasiparticle coherent weight22 as
Z−1hF (k, ω) = 1 − ReΣ(h)o (k, ω). In the static limit, al-
though ZhF(k) still is a function of momentum, how-
ever, the wave vector k in ZhF(k) can be chosen as k0 =
[2pi/3, 0], and then the corresponding intra-sublattice and
inter-sublattice parts of the quasiparticle coherent weight
can be obtained as,
Z
(ν)−1
hF = 1− ReΣ(h)(ν)o(k, ω = 0) |k0 . (A9)
In this case, the intra-sublattice and inter-sublattice
parts of the full charge-carrier Green’s functions in Eq.
(A6) can be evaluated explicitly as,
gintra(k, ω) =
1
2
∑
ν=1,2
Z
(ν)
hF
ω − ξ¯(ν)k
, (A10a)
ginter(k, ω) =
1
2
eiθk
∑
ν=1,2
(−1)ν Z
(ν)
hF
ω − ξ¯(ν)k
, (A10b)
where ξ¯
(ν)
k = Z
(ν)
hF ξ
(ν)
k . With the help of the Green’s
functions in Eq. (A10) and the spin Green’s functions in
Eq. (A4), the intra-sublattice and inter-sublattice parts
of the self-energy in Eq. (A7) can be evaluated explicitly
as,
Σ
(h)
intra(k, ω) =
1
8N2
∑
pqνν′ν′′
|Λp+q+k|2Z(ν)hF
B
(ν′)
q B
(ν′′)
q+p
ω
(ν′)
q ω
(ν′′)
q+p
(
F
(1)
pqk
ω + ω
(ν′′)
q+p − ω(ν
′)
q − ξ¯(ν)p+k
+
F
(2)
pqk
ω − ω(ν′′)q+p − ω(ν
′)
q − ξ¯(ν)p+k
+
F
(3)
pqk
ω + ω
(ν′′)
q+p + ω
(ν′)
q − ξ¯(ν)p+k
+
F
(4)
pqk
ω − ω(ν′′)q+p + ω(ν
′)
q − ξ¯(ν)p+k
)
, (A11a)
Σ
(h)
inter(k, ω) =
1
8N2
∑
pqνν′ν′′
(−1)ν+ν′+ν′′e−i(θq+p+θq+θp+k)Λ2p+q+kZ(ν)hF
B
(ν′)
q B
(ν′′)
q+p
ω
(ν′)
q ω
(ν′′)
q+p
(
F
(1)
pqk
ω + ω
(ν′′)
q+p − ω(ν
′)
q − ξ¯(ν)p+k
+
F
(2)
pqk
ω − ω(ν′′)q+p − ω(ν
′)
q − ξ¯(ν)p+k
+
F
(3)
pqk
ω + ω
(ν′′)
q+p + ω
(ν′)
q − ξ¯(ν)p+k
+
F
(4)
pqk
ω − ω(ν′′)q+p + ω(ν
′)
q − ξ¯(ν)p+k
)
, (A11b)
where F
(1)
pqk = nB(ω
(ν′′)
q+p)[1 + nB(ω
(ν′)
q )] + nF(ξ¯
(ν)
p+k)[nB(ω
(ν′)
q ) − nB(ω(ν
′′)
q+p)], F
(2)
pqk = [1 + nB(ω
(ν′)
q )][1 + nB(ω
(ν′′)
q+p)] −
nF(ξ¯
(ν)
p+k)[1 + nB(ω
(ν′)
q ) + nB(ω
(ν′′)
q+p)], F
(3)
pqk = nB(ω
(ν′′)
q+p)nB(ω
(ν′)
q ) + nF(ξ¯
(ν)
p+k)[1 + nB(ω
(ν′)
q ) + nB(ω
(ν′′)
q+p)], F
(4)
pqk =
nB(ω
(ν′)
q )[1 + nB(ω
(ν′′)
q+p)]− nF(ξ¯(ν)p+k)[nB(ω(ν
′)
q )− nB(ω(ν
′′)
q+p)], and nB(ω) is the boson distribution function.
In this case, the self-consistent equations that are sat-
isfied by the intra-sublattice and inter-sublattice parts
of the quasiparticle coherent weight in Eq. (A9) must be
solved simultaneously with following self-consistent equa-
tions,
δ =
1
4N
∑
ν,k
Z
(ν)
hF
(
1− tanh[1
2
βξ¯
(ν)
k ]
)
, (A12a)
φ =
1
4N
∑
ν,k
(−1)ν |γk|Z(ν)hF
(
1− tanh[1
2
βξ¯
(ν)
k ]
)
,(A12b)
1
2
=
1
2N
∑
ν,k
B
(ν)
k
ω
(ν)
k
coth[
1
2
βω
(ν)
k ], (A12c)
χ =
1
2N
∑
ν,k
(−1)ν |γk|B
(ν)
k
ω
(ν)
k
coth[
1
2
βω
(ν)
k ], (A12d)
C =
1
2N
∑
ν,k
|γk|2B
(ν)
k
ω
(ν)
k
coth[
1
2
βω
(ν)
k ], (A12e)
χz =
1
2N
∑
ν,k
(−1)ν |γk|B
(ν)
zk
ω
(ν)
zk
coth[
1
2
βω
(ν)
zk ], (A12f)
Cz =
1
2N
∑
ν,k
|γk|2B
(ν)
zk
ω
(ν)
zk
coth[
1
2
βω
(ν)
zk ], (A12g)
then all the order parameters, the decoupling parameter
α, and the chemical potential µ are determined by the
self-consistent calculation without using any adjustable
parameters. With the above self-consistent calculation
of the order parameters, the intra-sublattice and inter-
sublattice parts of the full charge-carrier Green’s func-
tions can be evaluated explicitly as,
gintra(k, ω) =
1
2
∑
ν
1
ω − ξ(ν)k − Σ(h)(ν)(k, ω)
, (A13a)
ginter(k, ω) =
1
2
eiθk
∑
ν
(−1)ν 1
ω − ξ(ν)k − Σ(h)(ν)(k, ω)
, (A13b)
8as quoted in Eq. (6).
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